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Chapter 1 

Functions and Function Notation 

 

What is a Function? 

The natural world is full of relationships between quantities that change.  When we see these 

relationships, it is natural for us to ask “If I know one quantity, can I then determine the 

other?”  This establishes the idea of an input quantity, or independent variable, and a 

corresponding output quantity, or dependent variable.  From this we get the notion of a 

functional relationship in which the output can be determined from the input.    

 

For some quantities, like height and age, there are certainly relationships between these 

quantities.  Given a specific person and any age, it is easy enough to determine their height, but 

if we tried to reverse that relationship and determine age from a given height, that would be 

problematic, since most people maintain the same height for many years.  

 

Function  
 A rule for a relationship between an input, or independent, quantity and an output, or 

dependent, quantity in which each input value uniquely determines one output value.  We say 

“the output is a function of the input.” 
A function relates each element of a set with exactly one element of another set (possibly the 

same set). Let 𝑎 be an element in set 𝐴 and 𝑏 an element in set 𝐵: if 𝑏 is assigned to 𝑎, this 

is written as 𝑓(𝑎)  =  𝑏. If 𝑓 is a function from 𝐴 to 𝐵, we write 𝑓: 𝐴  → 𝐵 
 

For example,  for the function 𝑓(𝑥)  =  𝑥2, 𝑓(3)  =  9, 𝑓(5)  =  25, 𝑓(9)  =  81 etc. 
 
The input to this function, is called the domain. The output of this function, is called 
the codomain. If 𝑓(𝑎)  =  𝑏, we say that 𝑏 is the image of 𝑎 and 𝑎 is a pre-image of 

𝑏. The range of 𝑓 is the set of all images of elements of 𝐴. 
 

What’s the difference between range and codomain?  
 
Real-valued functions with the same domain can be added and multiplied: 

(𝑓1  +  𝑓2)(𝑥)  = 𝑓1(𝑥)  +  𝑓2(𝑥) 

(𝑓1 𝑓2)(𝑥)  = 𝑓1(𝑥)𝑓2(𝑥) 
 
What do you think is the domain and codomain of (𝑓1  +  𝑓2) and 𝑓1𝑓2? 
 
If 𝑆 is a subset of 𝐴, the image of 𝑆 is the subset of 𝐵 that consists of the images of 
the elements of 𝑆.  Then 𝑓(𝑆) is called  the image of 𝑆. 
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One-to-one functions 
One-to-one functions  called also injective functions.  A function 𝑓: 𝑋  → 𝑌 is an 
injection if and only if 𝑓(𝑥)  =  𝑓(𝑦) implies that 𝑥 =  𝑦 for all 𝑥 and 𝑦 in the domain of 

𝑓. Check 𝑓(𝑥) =  𝑥 + 1. 
 

Increasing/Decreasing functions 
A function f is strictly increasing if 𝑓(𝑥)  <  𝑓(𝑦) whenever 𝑥 <  𝑦 and x and y are in 
the domain of f. 
 

Onto functions 
Onto functions also called surjective functions. A function  𝑓: 𝑋  → 𝑌  is a surjection if 

and only if for every element 𝑥 of 𝑋 there is an element 𝑦 of 𝑌 with 𝑓(𝑥)  =  𝑦. 

Check 𝑓(𝑥)  =  𝑥2. 
 

One-to-one Correspondence 
A function is a one-to-one correspondence, or a bijection, if it is both one-to-one and 
onto. 
 

Inverse function 
Inverse function assigns to an element b belonging to B the unique element a in A 

such that 𝑓(𝑎)  =  𝑏. It is  denoted by f -1.  So,  f -1(b) = a when 𝑓(𝑎)  =  𝑏. 
 

What is the inverse function of 𝑓(𝑥)  =  𝑥2? 
 

Composite functions 
The composition of two functions f and g is denoted by 𝑓 ○ 𝑔,  and defined by  
 (𝑓 ○ 𝑔)(𝑎)  =  𝑓(𝑔(𝑎)) 
 

 
Exercises 
 
1) For the following functions, state the i) domain   ii) codomain   iii) image   iv) range 
a) 

 

b) 𝑓: ℤ → ℤ, 𝑓(𝑥)  =  𝑥 +  1. 
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c) 

 

d) 𝑓: ℕ → ℕ, 𝑓(𝑥)  =  100 / 𝑥 . 
 

Different types of functions 

 

Constant functions  
It is a function has the form cxf )(  , where c is a constant. For example,  

5)( xf   and  2/)( xf  . 

Polynomials 
The polynomials  are functions on the form  

axaxaxaxf n

n

n

n

n

n  







2

2

1

1)(  

aaaa nnn ,...,,, 21 
  0na  are  real numbers. In this case n is the degree of the 

polynomial. For instance,  

16534)( 245  xxxxf  

Is a polynomial function  of degree 5 and the coefficients are 4,-3,5 and 16. 

 

Rational functions 

Are those the functions on the form  

)(

)(
)(

xT

xR
xf  .     For example, 

4

1
)(

3






x

x
xf  . 
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uu csc)csc( 

uu sec)sec( 

uu cot)cot( 
uu tan)tan( 

The Trigonometric Functions 

 

 

Right triangle definitions, where 0 <   < 
2


 

    
.

.
sin

hyp

opp
  

.

.
csc

opp

hyp
  

    
.

.
cos

hyp

adj
  

.

.
sec

adj

hyp
  

    
.

.
tan

adj

opp
  

.

.
cot

opp

adj
  

 

Circular function definitions, where  is any angle. 

       22 yxr   ,            
r

y
sin  

y

r
csc  

    
r

x
cos  

x

r
sec  

    
x

y
tan  

y

x
cot  

 

 

Reciprocal Identities        Negative Angle Identities 

u
u

csc

1
sin   

u
u

sec

1
cos   

u
u

cot

1
tan     uu sin)sin(  uu cos)cos( 

  

u
u

sin

1
csc   

u
u

cos

1
sec   

u
u

tan

1
cot        

 

Hypotenuse 

Adjacent 

Opposite 

 

 
θ 
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vu

vu
vu

vuvuvu

vuvuvu

tantan1

tantan
)tan(

sinsincoscos)cos(

sincoscossin)sin(












2

cos1

2
sin

uu 










2

cos1

2
cos

uu 










u

uu

cos1

cos1

2
tan














Tangent and Cotangent Identities    Sum and Difference Formulas 

u

u
u

cos

sin
tan    

u

u
u

sin

cos
cot       

 

Pythagorean Identities 

1cossin 22  uu   

uu 22 sectan1   

uu 22 csccot1        Half Angle Identities 

         

Cofunction Identities 

uu cos
2

sin 










 uu sin

2
cos 











 

uu sec
2

csc 










 uu csc

2
sec 











 

uu cot
2

tan 










 uu tan

2
cot 











 

 

 

The domain and range of the trigonometric functions are as follows 

 

FUNCTION DOMAIN RANGE 
siny x  R   1,1  

cosy x  R   1,1  

tany x  
 2 1 :

2
R n n I

 
   
 

 R  

 
cosy ecx  

 

 :R n n I   

 

   

1,1

       or

,1 1,

R  

  

 

 
secy x  

 

 2 1 :
2

R n n I
 

   
 

 

 

   

1,1

       or

,1 1,

R  

  

 

coty x   :R n n I   R  
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We know that a function is invertible iff it is one-one and onto  

 

Now, observe the adjoining graph. The horizontal line below x-axis and parallel 

to x-axis intersects the graph of sine function at infinite many points. Therefore 

the sine function is not one-one. 

Algebraically: 
5 9

sin sin sin ... 1
2 2 2

       
        

     
i.e. there are infinite many 

angles in the domain of the function having same value 1. Thus the function can’t 

have inverse at its existing domain. 

Thus to over come this problem, we 

restrict the domain of sine function 

from the set R of real number to 

,
2 2

  
 
 

so that the function becomes 

one-one. 

i.e.  sin : , 1,1
2 2

x
  

   
 

becomes 

one-one and onto both thus the inverse of the function exists and we define it as 

 1sin : 1,1 ,
2 2

x
   

   
 

 

1sin siny x x x    

Similarly other trigonometric functions are not one-one on their domains and 

hence be restricting their domains we can make them one-one and onto. 

The domains and range of the inverse trigonometric are as follows 
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DOMAIN  RANGE 

 

           
Graph of the inverse trigonometric function: 
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Exponential and Logarithmic Functions 
 

The exponential function is a function taking the form 
xaxf )(  1a , 

 

                  Y                                                 Y  
 

1a                                             10  a 
 

                      

 

X                                      X                                         
                                             

The exponential  function has the following 
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nmnm aaa )2                       1)1 0 a 

               
nmnm aa )()4         

nmnm aaa /)3 
          

When a is the natural base i.e, 718.2 ea  then  
xexf )( is called the 

natural expansional function.  
 

For all real numbers a, m, n, p, x, and y, where x > 0, a > 0, a   1. 

 

1.  If 
yx aa  , then yx  .   Property of Equality for 

       Exponential Equations  

 

2.  yxa log  if and only if yax    Definition of a Logarithm  

 

3.    log10 x  log x    Common Logarithm (Base 10) 

 

4.    log e x  ln x           Natural Logarithm (Base e) 

 

5.  

xa

xa

a

x

x

a

a

a

a 







log

log

01log

1log

 or  6. 

  

ln e  1

ln 1 0

ln ex  x

e
ln x

 x

  Special Logarithms 

 

7.  logamn = logam + logan   Product Property 

8.  nm
n

m
aaa logloglog     Quotient Property 

9.  )(loglog mpm a

p

a     Power Property 

 

10.  
a

x

a

x
xa

ln

ln

log

log
log   , a   1   Change of Base Formula  

11.  If yx aa loglog  , then yx  . Property of Equality for 

Logarithms 

 

 

Hyperbolic Functions 

Definitions  xx eex 
2
1cosh    xx eex 

2
1sinh  

         
x

x

x

x

xx

xx

e

e

e

e

ee

ee
x

2

2

2

2

1

1

1

1
tanh






















  
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x
x

cosh

1
sech  , 

x
x

sinh

1
cosech  , 

x

x

x
x

cosh

sinh

coth

1
tanh   

Graphs 

 

 

 

 

 

 

 

 

 

 

Example Solve the equation 2cosh x  

   2
2
1  xx ee    0142  xx ee  

  32
2

124



xe    32ln x  

 32ln x  positive root and 

 
 

 32ln
32

1
ln

32

32
32ln32ln 





















x  

xexx  sinhcosh 

 
xexx sinhcosh 

 1sinhcosh 22  xx 

 xhx 22 sectanh1  
 

xechx 22 cos1coth  
 yxyxyx sinhcoshcoshsinh)sinh(  

yxyxyx sinhsinhcoshcosh)cosh(  

 
yx

yx
yx

tanhtanh1

tanhtanh
)tanh(




 

xxx coshsinh22sinh  

 xxx 22 sinhcosh2cosh  

 

 

 

 

 

 

 

Horizontal 

asymptotes x 

y 
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x

x
x

2tanh1

tanh2
2tanh


  

 

Inverse Hyperbolic Functions 

Graphs 

 

 

 

 

 

Log forms  

   1lncosh 21  xxx  1x  

   1lnsinh 21  xxx  all x 

  













x

x
x

1

1
lntanh

2
11   11  x  
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Be able to produce any of these 

Example 1tanhy x   
1

1
tanh

2

2






y

y

e

e
yx  

  11 22  yy exe     xxe y  112   
x

x
e y






1

12  















x

x
y

1

1
ln2  














x

x
y

1

1
ln

2
1  

 

Even and odd functions 

DEFINITION. A function f is even if the graph of f is symmetric with respect 

to the y-axis. Algebraically, f is even if and only if f(-x) = f(x) for all x in the 

domain of f. 

A function f is odd if the graph of f is symmetric with respect to the origin. 

Algebraically, f is odd if and only if f(-x) = -f(x) for all x in the domain of f. 

 Determine algebraically whether f (x) = –3x2 + 4 is even, odd, or 

neither. 

 
f (–x) = –3(–x)2 + 4 

= –3(x2) + 4 

= –3x2 + 4 

f (x) is even 
 

 

 

 

 Determine algebraically whether f (x) = 2x3 – 4x is even, odd, or 

neither. 
 

f (–x) = 2(–x)3 – 4(–x) 

= 2(–x3) + 4x 

= –2x3 + 4x 

f (x) is odd. 
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Absolute or modulus functions 

For any real number x, the absolute value or modulus of x is denoted 
by |x| (a vertical bar on each side of the quantity)  

The absolute value of x is thus always either positive or zero, but 
never negative, since x < 0 implies −x > 0. 

2)( xxxf  



















0

0

0

0)(

x

x

x

x

x

xxf 

 

It is easy to see that the modulus function is even and has the following 

properties. 

yxyx )1 

 yxyx )2  

yxyx )3 

 axaax )4 

 axorxaax )5  

Examples 

 
1) Prove that 

 )1)(1(coscoscos 22111 baabba  
. 

 

 

Solution 

Assume that     byax 11 cos,cos    

                                    ybxa sin,cos  

 yxyxyx sinsincoscos)cos(  

                 yxab 22 cos1cos1  

                             
22 11 baab  

 22111 11coscoscos baabbayx  
 

https://en.wikipedia.org/wiki/Real_number
https://en.wikipedia.org/wiki/Vertical_bar
https://en.wikipedia.org/wiki/Positive_number
https://en.wikipedia.org/wiki/0
https://en.wikipedia.org/wiki/Negative_number
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2)  Let )()( xfaxg  , then prove that  )()( 11 axfxg  
. 

solution 

 Assume that )(xgy   

 )()( 1 ayfxxfay  
 

           )()()()( 1111 axfxgayfyg  
 

 

3) Prove that        
43

1
tan

2

1
tan 11 

  . 

Solution 

Suppose that   yx  

3

1
tan,

2

1
tan 11  

yx tan
3

1
,tan

2

1
 

4
1

6

1
1

3

1

2

1

tantan1

tantan
)tan(












 yx

yx

yx
yx 

4) Determine the domain of the following functions 

            )52(cos)
5

3
)() 1 


  xyb

x
xfa                          

Solutions 

)(a  The function 
5

3
)(




x
xf  is defined for x such that  

05 x 
 

So  5x  and  hence 𝑥 ∈ ,5 . 

)(b  The function )52(cos 1   xy  is defined for all x such that  

152 x 

Which means that  

321521  xx 

𝑥 ∈ 3,2  

 

5) Determine the values of x such that 8236  xx . 

Solution  

From the properties of the modulus function, we have  

8236)23()6(  xxxx 
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 21814844  xxx 

Then we get   31212  xx  

6) Check if the function   1
2

3


x

y   has inverse. If yes then find it.  

Solution 

It is easy to check that the function is one to one and onto.  Now, we have  

 

3

3

)1(21
2

 yx
x

y 

Finally interchanging x with y we have  
3 )1(2  xy 

and this is the inverse function of 1
2

3


x

y . 

7) Decide if the following functions are even or odd 

 

 xxxfa sin)()  

 xxxfb sin)() 3  

 xxxxfc  cot2sin3)() 

 
22)() xxfd  

Solutions  

 

)(sin)sin()()() xfxxxxxfa  

   f is even function  

)()sin()sin()()() 33 xfxxxxxfb  

  f is odd function 

 )()cot(2)sin(3)() xxxxfc  

                 )(cot2sin3 xfxxx  

  f is odd function 

)(2)(2)() 22 xfxxxfd  

 

  f is even function. 
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Exercises 

 

1) Decide if the following functions have inverse. If yes then find it. 

 1)() 2  xxfa 

 1
1

1
)() 




 x

x

x
xfb 

 
3

1
cos)() 1


 

x
xfc 

2) Decide if the following functions are even or odd. 

  

  xxxxfa 2cot)sin(ln)()  

 42)() 24  xxxfb 

xxxfc cot)()  

 xxxxfd tan3sin)() 3  

3) Solve the following equations. 

2/1)1(tan)1(tan) 11   xxa 

. 0)1log(2)7log() 2  xxb 

 

 

 

 


